In this work, we look at the cosmological constraints of four different f(R)-gravity models, which include 2 toy models and 2 more realistic models, such as the Starobinsky and Hu-Sawicki models. We use 359 low-and intermediate-redshift Supernovae Type 1A data obtained from the SDSS-II/SNLS3 Joint Light-curve Analysis (JLA). We then develop a Markov Chain Monte Carlo (MCMC) simulation to determine the best-fit for each f(R)gravity model, as well as for the Lambda Cold Dark Matter (ΛCDM) model, to obtain the cosmological parameters (Ω m andh). We assume a flat universe with negligible radiation. Therefore, the only difference between these models are the dark energy term and the arbitrary free parameters. When doing a statistical analysis on these models (where we used the ΛCDM model as the "true model"), we found that the Starobinsky model obtained a larger likelihood function than the ΛCDM model, while still obtaining the cosmological parameters to be Ω m = 0.268 +0.027 −0.024 andh = 0.690 +0.005 −0.005 . We also found a reduced Starobinsky model, that explained the data, as well as being statistically significant. We also found a further 3 models that can explain the data, even though they are not statistically significant, while also finding 3 models that did not explain the data and were statistically rejected.
Introduction
Since the Theory of General Relativity (GR) was proposed by Albert Einstein in 1915, it has developed into the accepted theory to explain gravity. GR was not only able to explain gravity in extreme situations, but was also able to reduce back to a Newtonian description of gravity in a weak gravitational field. Due to the ability of GR to explain the expansion of the Universe [1] , the Hot Big Bang theory was developed using GR as its mathematical basis. However, in recent times, with ever-improving accuracy in observations, it was discovered that the expansion of the Universe was accelerating [2] , which is not in line with GR predictions, and therefore the Hot Big Bang model had to be improved. An unknown pressure force acting out against gravity, dubbed "dark energy" was added to explain why gravity on cosmological scales were not able to slow down the expansion [3] .
We can start by using the Einstein-Hilbert action, which tries to extremize the path between two time-like points in spacetime and is given as
with Λ being the cosmological constant representing the "dark energy" pressure force, L m the standard matter Lagrangian, g the metric tensor, and the remaining constants representing their accepted usages [4] . If we apply the variational principle on eq. (1.1), we obtain the cosmological field equations, also called the Einstein field equations, as
where R µν and R are the Ricci tensor and Ricci scalar respectively, and T µν represents the energy-momentum tensor. Furthermore, for simplicity and normalization we assume a geometric unit system, where c = 1 = 8πG. From the field equations, we can derive the two most important cosmological equations, called the Friedmann equations, and is given by [5] H 2 (t) = ρ(t) 3 − κ a 2 (t) + Λ 3 ,
where H(t) =ȧ (t) a(t) is the Hubble parameter with a(t) the scale factor which is describing the relative size of the Universe at a certain time, ρ(t) is the energy density, P (t) is the isotropic pressure, and κ is the 3D (spacial) curvature. Furthermore, to derive these particular Friedmann equations, we had to assume we have a Friedmann-Lemaître-Robertson-Walker (FLRW) spacetime metric. The Friedmann equations is an open system, to which we need to related ρ and P to close this system. This is possible through the usage of the equation of state parameter P (t) = ωρ(t), (1.4) where we assume a perfect fluid with a constant equation of state parameter ω [6] . Even though we will be using a constant equation of state parameter, studies that tries to parameterise the equation of state exist for both the ΛCDM model and modified gravity models [7, 8] .
This closed system is called the ΛCDM model, which forms part of the improved Big Bang theory to explain the late-time accelerated expansion with dark energy. However, since dark energy is an unknown pressure force, it poses a problem. What is dark energy? It becomes even more difficult to explain dark energy when taking into account that the majority of the Universe (∼ 68%) [7] is presumably filled with it. Furthermore, dark energy is not the only problem faced by the ΛCDM model. It has been shown that another accelerated expansion epoch occurred, called the Inflation epoch [9] . This epoch occurred at the early stages of the evolution of the Universe. The Inflation epoch was introduced to solve early-universe problems of GR, such as the horizon problem and the flatness problem [2, 10, 11] . Other arising problems also included the magnetic monopole problem (they are predicted to exist, but none has been found) and the Universe's matter/anti-matter ratio, which is expected to be equal to one, but is close to zero [11, 12] .
Due to the discussed problems, it has been previously suggested that we need to modify our theory of gravity. The modified theories that we will be looking at, aims to explain the late-time accelerated expansion without the inclusion of dark energy. In some of these theories, you may add extra fields or you might assume a higher dimension. We will, specifically, be looking at a higher-order derivative theory, called f(R)-gravity. For these models, the modification occurs, by changing the Ricci scalar within the Einstein-Hilbert action eq. (1.1) to an arbitrary function of the Ricci scalar, namely f (R). This change leads to a new set of cosmological field equations, specifically for f(R) gravity. Re-deriving the cosmological field equations, we obtain [2, [13] [14] [15] 
where = ∇ σ ∇ σ is the covariant d'Alembert operator. As done before, we can then re-derive the Friedman equations (this time for f(R)-gravity), and find [4, 9, 16 ]
(1.6)
2 Supernovae cosmology and MCMC simulations
Distance modulus
To test eq. (1.6), especially the first one, we will use Supernovae Type 1A data. This class of supernovae is the resultant of a white dwarf (WD) star accreting a low-mass companion star until the accreted outer-layer Hydrogen from the companion star is compressed to a point that the WD explodes [17] . This means that their luminosities are relatively similar to one another, and is therefore regarded as standard candles [18, 19] . Therefore, the measured flux is only dependent on the distance to the particular supernova and not the composition of the WD. We will use redshift z to approximate the distance. By using the distance modulus, we can then test the expansion of the Universe, since the distance to the supernovae is changing. For simplicity, we will assume a flat universe (Ω k = 0), with a negligible radiation density (Ω r ≈ 0).
To obtain the distance modulus, we need to find the line-of-sight comoving distance (D c ) function [4, 20] . We start with the luminosity distance (D L ) function, which relates two bolometric quantities, namely the luminosity (L) and the flux (f ) of a distance object, such as a supernova. We can then relate D L to the proper motion distance (D M ) function, by using redshift and obtain
However, D M has different conditions depending on the curvature of the Universe, namely [21] 
Since we have assumed a flat universe, we have D M = D c . Furthermore, we know that D c is per definition given as
where D H = 3000h km s.M pc is the Hubble distance and h(z) = H(z) H 0 is the normalized Hubble parameter in terms of redshift. We can then use the definition of the distance modulus (in M pc), and the above mentioned different distance definitions, and obtain
4)
where m is the apparent magnitude and M is the absolute magnitude of the measured supernova. Now that we have a model, we need the data. We will be using 359 low-and intermediate redshift supernovae data obtained from the SDSS-II/SNLS3 Joint light-curve Analysis (JLA).
In particular, we have 123 supernovae with redshift values between 0.01 < z ≤ 0.1 and 236 supernovae with redshift values between 0.1 < z ≤ 1.1. It is necessary that we used low redshift data, since the late-time acceleration epoch only started at around z ≈ 0.5 [22, 23] . Furthermore, having data on both sides of z ≈ 0.5, will enable us to show the transition phase between the decelerating expansion of the Universe epoch (matter-dominated) and the accelerating expansion of the Universe epoch which we are currently experiencing. Furthermore, we will be using the absolute magnitudes of these supernovae for the B-filter, that can be obtained from the research papers [24] [25] [26] (also available on NASA's Extragalactic Database). This entire method is called supernovae cosmology.
Markov Chain Monte Carlo (MCMC) simulation
To find the best-fitting distance modulus for each model, we will use MCMC simulations. The MCMC simulation is able to search for the most probable free parameter value, given certain physical constraints. In particular, we will be using the Metropolis-Hastings algorithm [27, 28] , which starts by calculating the likelihood for each initial chosen free parameter value's distance modulus. After this the simulation takes a random step for each of the free parameters away from the initial conditions, but still within the boundaries (priors). The MCMC simulation then calculates the likelihood for each possible combination between the initial parameter values and the new parameter values, to find which combination has the largest likelihood of occurring. The simulation then finds an acceptance ratio between the likelihood of the initial parameter values and the new largest likelihood combination value. The acceptance ratio is given by
where x is the current parameter value, x * is the proposed candidate, p(x) is the invariant probability distribution, and q(x * |x) is the proposed probability distribution. Therefore, if the acceptance ratio is above 1, the new parameter values are accepted and becomes the current values, while if it is below 1, a chance is created for the second combination to still be accepted in ratio to the probabilities for each combination to occur. If the proposed parameter value is not accepted, the procedure starts over with a new random step away from the initial/current parameter values. This process continues until the simulation converges to the most probable best-fitting parameter values. Since we need a probability distribution, we will, for simplicity assume that the data follows a Gaussian distribution. Therefore, the likelihood function is given as
where µ data is the distance modulus for each data point and µ theoretical the model's predicted distance modulus value at that point. We will use the EMCEE Hammer Python package to execute the MCMC simulation. This package uses different random walkers (in most cases we will use 100 random walkers), each executing the Metropolis-Hasting algorithm and all starting at the same initial parameter values and converging on the most probable parameter values. The last iteration of the algorithm then creates a Gaussian distribution based on each random walker's ending parameter values. Using the average values for each probability distribution for each parameter value, we will then have on average the best-fitting parameter value and its 1σ-value (error-bars) for each of the free parameters.
AIC and BIC statistical analysis
To test whether or not these f(R)-gravity models are able to explain the data, we will use the Akaike Information Criterion (AIC) and the Bayesian/Schwarz Information Criterion (BIC) selections [29] . These selections will be able to indicate whether or not a particular f(R)gravity model is able to explain the data, while also comparing it to a "true model" (in this case the ΛCDM model) [30] . These selection criteria uses the likelihood of the best-fitting model to determine if they statistically explain the data, as well as taking into account the amount of free parameters the model uses. This is important, since a model that has more free parameters than the "true model" can fit the data with a more precisely, since it has more freedom in changing the shape of the function, but might be not be as valuable as the "true model". Since we choose a Gaussian distribution for our data, the AIC and BIC selections are given as
where the first terms on the R.H.S. are known to be the χ 2 -values, K the amount of free parameters and n the amount of data points. Therefore, we can also determine the reduced χ 2 -value to give us an indicate on the goodness of fit for each model. Furthermore, the particular AIC and BIC values can be any positive values, to which we can not make a conclusion. Therefore, we need to compare the AIC and BIC values of the "true model" and the f(R)-gravity models and find the difference between them. This difference can then be compared the the Jeffrey's scale in order to be able to make conclusions about the model. It must be noted that this scale is not an exclusive scale and should be handled with care [31] . The Jeffrey's scale ranges are:
• ∆IC ≤ 2 − substantial support,
• 4 ≤ ∆IC ≤ 7 − less support w.r.t. 'true model',
• ∆IC > 10 − model has no observational support.
(2.8)
3 Results
The ΛCDM model
We will use the ΛCDM model to calibrate our MCMC simulation, as well as using it as our "true mode" to which we can compare the f(R)-gravity models against to find if they are viable alternative gravity models. Using the assumptions made in section 2.1, we can obtain the normalized Friedmann equation for the ΛCDM model in terms of redshift as
where we made the substitution Ω Λ = 1 − Ω m [32, 33] . To execute the MCMC simulation for the ΛCDM model, we need to combine eq. (2.4) and eq. (3.1), to which we obtain the MCMC simulation results in figure 1.
From figure 1 , we can confirm that the MCMC simulation works, even though the predicted cosmological parameter values are not within 1σ from the Planck2018 results. This discrepancy between the Planck results that were determined on the Cosmic Microwave Background (CMB) radiation data, and the results from previous Supernovae Type 1A observations have been showed to exist [11, 34] . Surprisingly, this discrepancy is actually not even limited to only these two methods for calculating the Hubble constant. In the paper by [35] , they show that different experiments result in different H 0 values, with all the local measurements, such as eclipsing binaries in the Large Magellanic clouds or Cepheid stars within the Milky way, tending to result in higher values for the Hubble constant while the CMB results gave the smallest H 0 values. This poses the question: Why do we obtain different values when trying to measure H 0 , through early-time or late-time data? As of yet, there are no convincing explanations for this discrepancy. This particular set of predicted cosmological parameter values on supernovae data from our MCMC simulation are in line with the expected supernovae results for the ΛCDM model. The only reason for showing the Planck results is just to remind us that we did use the Planck results to make our assumptions, as well as also being able to show the discrepancy between the supernovae and the CMB results.
For future work, it will be worth it to try and find a best-fitting model using different datasets, such as H(z) and BAO [36] , to see how the different datasets lead to different contributions from the matter and dark energy densities of the Universe. This change will then lead to different predicted bounds on the f(R)-gravity models, such as shown in [33, 37] , where they found that the predicted matter density in the Universe changes, when combining the different datasets. They also showed that it leads to different predicted arbitrary free parameter values.
We can then use the MCMC results to make a plot of the best-fitting ΛCDM model on the supernovae data. This is shown in figure 2 . From figure 2, we can once again confirm that the MCMC calibration was done correctly, since the ΛCDM model does fit the data with quite a high accuracy, as well as not having an over-or under-estimation at various different redshifts.
f(R)-gravity model results
We can now advance to the testing of various f(R)-gravity models. We will use two toy models, namely f (R) = βR n and f (R) = αR + βR n [4] , as well as two realistic models, namely the Starobinsky and Hu-Sawicki models, which are given by [38] [39] [40] 
respectively, with α, β and n being the arbitrary free parameters and R c parametrises the curvature scale. For each model, different analytical constraints on these parameters is discussed in more detail in the papers by [2, 4, 15, [38] [39] [40] . We also used the effective cosmological constant term (Λ ≡ βRc 2 ) to mimic dark energy, to allow us to solve these realistic models [33] . Even though only 4 models are listed, we ended up with 8 different models that we have tested, since we found that except for the first toy model, the models become analytically unsolvable. Therefore, we assumed fixed n-values for the second toy model, to which we found four different solvable models. We then tried this approach for the two realistic models and were unsuccessful in this approach. This led us to incorporate a numerical optimization method into the MCMC simulation to find an approximated H 2 value at a particular z-value. Using this method, we were then able to build a solution map for different approximated H 2 -values at different redshift values between 0 ≤ z ≤ z . Using the solution map, we were then able to numerically integrate over z using the Simpson integration rule. From here on out the MCMC simulation were able to calculate the approximated distance modulus value for each supernova. Due to the resolution of the numerical methods, we found that for the Starobinsky model, 3 of the free parameters, did not effect the outcome of the predicted model. This led us to also try to fit a reduced version of the Starobinsky model.
According to [11] , we also need to use the cosmographic series terms, namely the deceleration parameter and the jerk parameter, to help solve the degeneracy among the models the different Friedmann equations. Althought, we had to find these parameters in terms of the redshift and not as a function of time. We decided to use the parametrisations for these cosmographic parameters as given in [41] . They defined the deceleration parameter as
while the jerk parameter was given as a function of the deceleration parameter
where q 0 is the current deceleration parameter value and q 1 is correction. By using all of the above mentioned actions, we are now able to solve and find the best-fitting function for each of the different f(R)-gravity models. Due to the limitations of space we will only present the models that seemed to be able to explain the supernovae data to an extend 1 . Starting in the order that were given above, our first model to show promise is the second toy model, where we assumed n = 0. Therefore, we have f (R) = αR + β. The best-fitting model on the supernovae data is shown in figure 3 .
It it is interesting that this particular model is able to explain the data, since this model resembles the ΛCDM model. By this we mean that f (R) = R − 2Λ, is exactly the same as the ΛCDM model [33] . The second model that were able to explain the supernovae data, is also part of the second toy model group, where we fixed n = 2. This particular model f (R) = αR + βR 2 is also one of the original models developed by Starobinsky to explain the early time expansion. Furthermore, this model obtained a positive and a negative solution. We will be showing the negative solution. The best-fitting model is shown in figure 4 .
Similar to the first model, the second f(R)-gravity model, is also able to explain the data with no over-or under-estimations. The last three models that were able to explain the data, was the Starobinsky (with its reduced version) and the Hu-Sawicki model. These were solved using the numerical method. The first one is the Starobinsky model, which actually obtained a larger likelihood probability prediction than the ΛCDM model, as well as being our overall best-fitting f(R)-gravity model. The best-fitting Starobinsky model is shown in figure 5 .
From figure 5 , it is clear that the Starobinsky model fits the data with a high precision. Furthermore, we can also assume that this model is quite stable, since the error bars on this model, just like the ΛCDM model is very small, therefore the MCMC simulation is certain that the predicted best-fit for this model is correct. Next-up is the reduced Starobinsky model. To reduces this model, we fixed the correctional deceleration parameter to be q 1 = 0 (based on the Starobinsky model results). We also fixed β = 1 and n = 1, after we saw that their error bars are large, but did not translate to large errors in the best-fitting Starobinsky model. Even though this model did not find the accuracy of its counterpart, it was still the third best-fitting model (including the ΛCDM model) that we found. The results for this reduced Starobinsky model is shown in figure 6 . Due to the fewer free parameters in the reduced Starobinsky model, we can see in figure  6 that this model is less stable compared to the original model. Therefore, a small change in one of the remaining parameters, can result in a completely different predicted model. It is this fact makes the ΛCDM model interesting, since it only has 2 free parameters and were still predicting a best-fit model with small errors. Lastly, we have the Hu-Sawicki model, which to our surprise did not fair as well or even better than the Starobinsky model, but were still able to explain the supernovae data. The best-fitting Hu-Sawicki model results on the supernovae data is shown in figure 7 . From figure 7, we can see that even though the Hu-Sawicki model did fit the data, the error region is just as large as the first f(R)-gravity model (that we presented in this article) and that was only a toy model. This, however, might be an effect of the resolution of the numerical methods, since the Hu-Sawicki model used 7 free parameter, therefore the optimization approximations might have struggled within the MCMC simulation. This is why we kept this model within the group, since it might still be a viable model. The last three models that we tested, namely the first toy model and the second toy model with n = 1 2 and n = 1, obtained best-fitting models that were not able to explain the data.
Statistical analysis
We are now able to do a statistical analysis on all the different f(R)-gravity models, to firstly find their goodness of fit, and secondly to determine whether they are statistically viable alternative models to explain the expansion of the Universe. Using all of the criteria from section 2.3, we can set-up table 1.
From table 1, we see that the two Starobinsky models obtained likelihood function values that are close of even better than the ΛCDM model, and only obtained a percentage deviation on the goodness of fit of ≈ 1.14% and ≈ 1.73% respectively. However, based on the goodness of fit from the reduced χ 2 , the ΛCDM model still fits the supernovae data better than the two Starobinsky models. The other 3 models that were shown in the previous section, can still be considered good fits, since their χ 2 -values are still relatively close to the ΛCDM model, with the weakest fit (second toy model with n = 2) between these 5 models having an ≈ 30% deviation on the "true model's" goodness of fit. For the last three models, this percentage deviation, based on the goodness of fit, increases exponentially.
From the criteria selection, only the two Starobinsky models were deemed viable, with both obtaining a category 2 status for the AIC: "less support w.r.t. 'true model'". However, only the reduced Starobinsky model obtained the category 2 status for the BIC, with the rest all being statistically rejected, even though some were able to fit the data.
As for future work, we can as mentioned try to test these models on other dataset. One example of this can be found in the study by [42] , where they tested the Hu-Sawicki model on a combination of supernovae and cosmic chronometer data, as well as combining those results with gravitational waves. It not only managed to provide a more strict constrain on the Hu-Sawicki model, but also obtained cosmological parameter values that were closer to the CMB data. Whereas our results found that the Hu-Sawicki model is not as accurate as the Starobinsky model.
Conclusions
In this work, we looked at how GR can be used to explain the expansion of the Universe through the usage of the Friedmann equations. This particular set of Friedmann equations, called the ΛCDM model, had to include the dark energy term to explain the late-time acceleration of the expansion. We then discussed how this model introduces problems due to an early-time acceleration, as well as posing the dark energy problem since it is an unknown pressure force. We then discussed possible alternative modifications to the GR model, which are able to explain the accelerated late-time expansion of the Universe with the exclusion of dark energy. One of these alternative theories is called f(R)-gravity.
Following the f(R)-gravity model's theory, we looked at how we will be able to find a best-fitting model for different f(R) models. This led us to developed a MCMC simulation to fit the distance modulus for each f(R) model to Supernovae Type 1A data and find the cosmology parameters (Ω m andh). We used the ΛCDM model to determine whether or not the MCMC simulation was correctly set-up. We also used the ΛCDM as a "true model" to compare the f(R)-gravity models to it.
We found 5 different f(R)-gravity models that were able to explain the data. This includes the models f (R) = αR + βR n (where n = 0, 2), the Starobinsky model (as well as a reduced version) and the Hu-Sawicki model. The Starobinsky model obtained a larger likelihood of occurring than the ΛCDM model, however had a slightly worse goodness of fit, with a deviation of ≈ 1.14% w.r.t to the ΛCDM model. The Starobinsky model was only given a category 2 on the Jeffery's scale for the AIC selection, while being statistically rejected by the BIC selection. The reduced Starobinsky had a smaller likelihood of occurring, and a slightly worse fit with a ≈ 1.73% deviation w.r.t. the ΛCDM model. This model though was the only model to receive a category 2 status on both the AIC and BIC selections. Therefore, its the only model that fits the data and have some statistical significance. The other three models were able to fit to the data, but were statistically rejected. These models might still be viable if we are to test them on other dataset, as indicated by the gravitational wave study. A further 3 models that we investigated were not able to explain the data and were subsequently statistically rejected. Therefore, we constrained the viability of some of these f(R)-gravity models with cosmological data.
